Aperiodic multilayer interference coatings are of particular interest for a variety of hard x-ray applications, including target diagnostics, astrophysics, high energy physics and free-electron lasers. Such applications require large field of view along with the highest achievable photon efficiency for their optical components, pushing reflective multilayer coatings to their limits. This work investigates the design, experimental performance, modeling and optimization of high-reflectance aperiodic multilayers. Multilayer design starts with the implementation of an analytical method developed in the literature, which calculates the most efficient coating, featuring the highest achievable reflectivity with the least number of layers. A numerical optimization step is added for smoothing of high-frequency "ripples" or to comply with any specific requirement in terms of spectral or angular response. The design process also includes material-dependent specificities (e.g. typical roughness, interlayer formation) which are often crucial for accurate prediction of actual coating performance. We applied this method to develop novel high-reflectance broadband multilayers at 17.4 keV (Mo K α emission line), working at angles of grazing incidence up to 0.6 degrees. The design methods employed in this work are presented, as well as the results obtained for a few multilayer systems, including Mo/Si, W/Si and W/SiC.
INTRODUCTION
Multilayer interference coatings are critical to efficiently reflect photons in the hard x-ray range, at steep grazing angles. They are made of alternating thin layers of two or more materials deposited on a substrate, so that constructive interference occurs between the layers. In the case of a periodic multilayer coating, the layers are of constant thickness across the stack, thus resulting in a narrow angular band response. However, many applications, such as astronomy, 1 or plasma diagnostics, 2 require a wide field of view, thus needing for the multilayer coatings to have a wider angular acceptance than what can be achieved with periodic multilayer prescriptions. Besides, such applications often require multimirror optical systems, meaning that the multilayer coating reflectivity needs to be as high as possible, since any increase in individual mirror reflectivity might have a critical impact on the whole optical system's throughput.
The aforementioned applications thus need non-periodic multilayer designs, which act as reflective broad-band pass filters. Non-periodic multilayer structures include depth-graded recipes, meaning that the material layer thickness varies monotonically with the layer index, i.e. depth, or fully aperiodic recipes, where layer thicknesses are distributed arbitrarily across the stack. Several groups around the world are focusing on non-periodic multilayer coatings for the x-rays. [3] [4] [5] [6] [7] [8] [9] [10] The development of this type of multilayers has proven to be challenging because they require very thin (subnanometer) layers and interfacial effects dominate their performance.
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In the present paper, we will elaborate on our approach to design such multilayer prescriptions for the hard xrays at a fixed photon energy value and for a wide angular acceptance. The earliest steps of our work will be first presented, namely the manual design of depth-graded multilayers using simple gradient functions. The design protocol was later modified, based on the methodology proposed by Kozhenikov et al., 11 to quickly compute a recipe that complies with the requirements. The method was then further improved to take interfacial effects into account. A few experimental results, obtained at different stages of the evolution of our design protocol, are finally presented.
DESIGN OF NON-PERIODIC MULTILAYERS FOR THE HARD X-RAYS

Depth Gradient Defined with an Analytical Formula
One simple way to model nonperiodic multilayers is by using a thickness depth-gradient, defined with a simple analytical and monotonic function of the layer index. As a first step of our work towards the design of complex non-periodic multilayers, we chose to start with thickness gradients that could be simulated with the IMD software.
12 Several gradient types are available for use: a second-degree polynomial, a logarithmic law, an exponential law or a power law. In our work, only the exponential and power laws were used. They are defined by the following relations:
and
where, assuming that the multilayer structure is composed of 2 different materials (bilayers) as shown in Fig.  1(a) , d[i] is the thickness of the i-th layer of one of the materials in the bilayer. i is the bilayer index, with i = 1 corresponding to the topmost (deposited last) layer and i = N corresponding to the lowest (deposited first) layer, where N corresponds to the total number of bilayers. Examples of such thickness gradient are shown in Fig. 1(b) . Layer thickness as a function of bilayer index for two different designs using the power law ("Design 1") and exponential law ("Design 2") depth-gradient. Only one material per design is depth-graded; the other material has a constant thickness across the multilayer stack.
For practical purposes, we chose to keep one of the two materials in our prescriptions of constant thickness. The other material was graded following either a power law (Eq. (1)), or an exponential law (Eq. (2)) distribution, as explained above. Consequently, this type of multilayer design allows to simulate the multilayer structure with a very limited number of parameters, regardless of the number of bilayers a sample may contain. For example, a 2-layer prescription would require in principle 6 parameters only (the thickness of the constant material layer, 3 parameters for the graded material and 2 roughness values) to be accurately modeled, even if it contained as many as 150 or 300 bilayers.
The design procedure was the following: the number of periods in the coating was chosen so that saturation was reached. The a, b and c coefficients defining the depth-gradient were manually adjusted until the reflectivity profile was close enough to the target reflectivity (for example, a flat top profile).
Optimizing the multilayer design was thus a rather manual procedure since it required various iterations between the reflectivity calculation and manual adjustment of the a, b and c parameters, in order to get the best compromise between high average reflectance and nearness to the target shape.
Depth-graded Multilayers Design with Kozhevnikov's Approach
In 2001, Kozhevnikov et al. 9 proposed an analytical method to design so-called x-ray supermirrors, i.e. highreflectance, broadband multilayer mirrors for the x-rays, through the resolution of the inverse problem. This approach assumes that the multilayer structure is made of two different materials, and the bilayer thickness is monotonically varying across the stack (either increasing or decreasing). The ratio Γ of absorber material thickness in the bilayer to the total bilayer thickness, is assumed to be constant across the stack, so that both materials are depth-graded. The roughness is assumed to be the same at every interface. The above assumptions allow to greatly facilitate the solving of the inverse problem, and yield a unique solution which is the shortest stack (i.e., with the least number of bilayers) that approaches the target reflectivity, given a certain value of Γ.
In this context, we implemented in a Python-based code the method developed by Kozhevnikov et al. to design depth-graded multilayers. Using Parratt's recursive method, 13 the multilayer recipe calculation takes a few seconds only. Γ and the average value of the target reflectivity can be further optimized in order to get the highest possible reflectivity with a reasonable number of bilayers. With this approach, an optimized prescription can be obtained within a few minutes, which greatly reduces the computation time compared to the method we used before (see Sec. 2.1).
However, no simple analytical function of the layer index can be used to approximate the thickness gradient, in order to facilitate its handling, for example when analyzing reflectivity data from a real multilayer. This is particularly evidenced in Fig. 2 which compares the analytical solution's thickness gradient to fits using either a power law or an exponential law distribution. Figure 2 (b) shows the reflectivity corresponding to each of the thickness gradients plotted in Fig. 2 (a). Although the exponential and power distribution approximate fairly well the analytical solution's thickness gradient, they yield rather different reflectivity profiles. Moreover, it should be pointed out that this method does not take any interface effect into account, such as non-identical roughness at the two interfaces, or intermixing at one or both interfaces. The latter is particularly critical when intermixing leads to compound formation and a contraction of the bilayer thickness, which would change the multilayer's angular acceptance.
Fully Aperiodic Design with Numerical Optimization
To address some of these issues, the multilayer design software program was expanded in order to adapt the multilayer prescription to material dependent specificities, deduced from experimental results. The model can now include:
• Up to 4 layers per "period", to simulate intermixing at one or both interfaces, or to have the ability to include "interface barrier" layers for example
• Different roughness values at each interface
• A "capping layer" may also be added to the top of the multilayer structure
The roughness values and interlayer characteristics, if any are present, are deduced from experimental results in order to predict as closely as possible the multilayer performance. Figure 3 . (a) Schematic of a typical structure calculated with the analytical solution from Ref. [11] , and (b) schematic of a structure that can be optimized using our expanded code. The interfacial roughnesses are indicated with the letter "σ"."dm[p]" is the thickness of the layer of material "m" and bilayer number p. "IL" stands for "interfacial layer".
Moreover, as was suggested in Ref. [11] , we added in the code the possibility to numerically optimize the design in order to smooth the high-frequency "ripples" typical of flat-top profiles, or obtain more complex shapes. Here, the numerical optimization starting point consists of the analytical solution obtained by solving the inverse problem, but modified to account for roughness asymmetry and layer interdiffusion. The layer thicknesses are then optimized to achieve the target reflectivity profile, while still taking any specific interfacial behavior into account (e.g. an interfacial layer of constant thickness).
The optimization is done by minimizing the difference between target and simulated reflectivity using the Levenberg-Marquardt algorithm. Additionally, it includes the possibility to constrain the layer thicknesses within an acceptable interval to make the coating experimentally feasible. Given that this approach is based on a local search, the convergence is fairly quick to attain. A solution can be obtained within a few minutes to an hour, depending on the total number of layers. An example of such an optimized design is shown in Fig. 4. 
HIGHLIGHTS FROM EXPERIMENTAL RESULTS
Context
The current section consists of an overview of a few results obtained throughout the whole evolution of our prescription optimization procedure. They illustrate how our generalized approach was used to develop the design of various multilayer systems that presented various interfacial properties. The in-depth studies of the physics and performance of material systems discussed in this section will be addressed in separate publications.
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In this section, we assume that our goal is to design a multilayer prescription for a photon energy of 17.4 keV (Mo K α emission line) and an angular acceptance of at least ± 0.1 deg, centered at a grazing angle around 0.6 deg. These specifications are consistent with requirements for x-ray based diagnostic for plasma physics. Several multilayer samples were designed using the methods described in Sec. 2. The material systems included Mo/Si, W/Si and W/SiC. A list of the samples presented in the present paper is given in Table 1 . The calculated prescriptions were deposited by DC magnetron sputtering at LLNL. The deposition was done using Ar at a pressure of 1 mTorr and the base pressure was lower than 5 × 10 −7 Torr. The Mo, W and SiC targets operated at a power of 170 W, 150 W and 200 W respectively. The Si target operated at a power of 360 W for Mo/Si multilayers, and 125 W for W/Si multilayers. The substrates were 100-mm Si (100) wafers, with a micro-roughness measuring less than 2Å rms. The multilayer samples were then characterized by means of Grazing Incidence X-ray Reflectometry (GIXR) at 8.048 keV, using a Panalytical Xpert Pro MRD apparatus equipped with a Cu K α anode and a four-bounce Ge monochromator.
Mo/Si Multilayers
The development of non-periodic multilayers for the x-ray range was started using Mo/Si: an earlier result 6 showed very promising performance for depth-graded Mo/Si in the x-ray range. Several Mo/Si-based recipes were developed using the manual method described in Sec. 2.1. The results thus illustrate what could be done with this very first step in our work on broadband multilayer design.
Mo/Si are known to form silicides at both interfaces. 17 They can be simulated using a 4-layer model containing Si, MoSi 2 , Mo, and MoSi 2 successively. The formation of silicides leads to the contraction of the bilayer thickness by 0.39 × d tot M oSi2 , where d tot M oSi2 is the total silicide thickness in the bilayer. 6 In order to fabricate a multilayer coating as close as possible to the target, one has to know the amount of silicide per Mo/Si bilayer. Several periodic calibration samples, with bilayer thickness ranging from 29.53Å to 60.49Å, were deposited, measured and modeled to that end. They showed that the silicide at the Mo-on-Si interface could be simulated with a 9.6Å-thick MoSi 2 layer; the silicide at the Si-on-Mo interface can be modeled with an 8.5Å-thick MoSi 2 layer. Each Mo/Si sample starts with Si deposited on top of the substrate. The multilayer coating ends with a 40Å-thick Si capping layer, deposited on top of the last Mo layer.
Several multilayer designs were manually optimized (see Sec. 2.1). For all recipes, the Mo layer was chosen to be constant while the Si layer was graded using either a power law or exponential law distribution. The silicide layers were assumed to be of constant thickness across the multilayer stack. The a, b, c coefficients for Si, and the Mo thickness were optimized to obtain recipes with the highest possible average reflectivity on various angular acceptance. The roughness values used for the design calculation came from fitted roughness values from the periodic calibration samples.
As an example, Fig. 5 shows the results from sample ML1 (see also Table 1 ), which was designed for a 0.4 -0.7 deg angular acceptance, with relatively uniform reflectivity response in that angular range. Figure 5(b) shows that the employed method (see Sec. 2.1), although rather long, allows to obtain a rather flat reflectivity profile. This recipe's angular acceptance is 0.37 -0.68 deg FWHM, instead of the 0.4 -0.7 deg targeted angular range. Fig. 5(a) , that fits best the experimental data at 8.048 keV. Figure 5 shows that this method and the 4-layer model allow to predict well the performance of this Mo/Si prescription. This is particularly evidenced at a photon energy of 8.048 keV (Fig. 5(a) ), where the agreement between the designed and measured reflectivity is very good, both in the first order (see how the high frequency ripples are in phase, in the inset of Fig. 5(a) ), and in the higher orders. The extrapolated reflectivity at the design energy of 17.4 keV (see Fig. 5(b) ) is close to the design, with slightly lower reflectivity: 16.2% instead of 19.0%. This might be explained by higher roughness values in sample ML1 than those used to optimize the recipe, the latter coming from a sample that had less bilayers (150 bilayers, instead of 300 bilayers for ML1).
W/Si Multilayers
The first multilayer samples that were designed using the analytical solution described in Sec. 2.2, were W/Si. Sample ML2 (see Table 1 ) is shown as an example in Fig. 6 .
As mentioned previously, the output from the analytical solution of the inverse problem consists in a 2-layer model, with equal roughness values at both interfaces. However, W and Si are expected to form silicides at the interfaces. 18, 19 More specifically, if D, D Si and D W are respectively the period, Si thickness and W thickness the total silicide thickness per W/Si layer pair, we can write the following relations:
A W/Si bilayer would thus experience a contraction of 4.9Å, assuming the total silicide thickness is 16Å, as suggested by the literature.
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In the case of depth-graded multilayer coatings, the period contraction will result in the shift of the coating's angular acceptance. This is particularly evidenced in Fig. 6(a) , which shows the simulated and measured reflectivity at 8.048 keV of sample ML2. Although this sample's recipe was calculated taking the silicides into account ("Design (4-layer)" in Fig. 6 ), a 2-layer model was also built to determine the influence of the silicides in the design process. The 2-layer model design assumes no silicide is forming at the interfaces and was calculated, from the 4-layer model, to conserve the number of atoms using relations (3)-(5). The measured reflectivity of sample ML2 is in strong disagreement with this 2-layer model.
Using an independent study on calibration (periodic) samples, we have been able to estimate the total silicide thickness in our W/Si systems, 14 hence to use a more accurate model to predict the reflectivity and to design prescriptions. More precisely, the calibration samples showed thicker silicides for short d-spacings, evidenced by a stronger contraction of the multilayer period. Further analysis showed that the silicide at the W-on-Si interface has a constant thickness and the silicide at the Si-on-W interface increases linearly with decreasing W/Si bilayer thickness.
14 The 4-layer target design in Fig. 6 takes these thickness-dependent silicides into account. One can see that the agreement between the target and measured reflectivity at 8.048 keV is very good, both in terms of height and position of the 1 st order. The expected performance at 17.4 keV is very close to the target reflectivity, with an average reflectivity of 11.3% between 0.48 and 0.69 deg (see Fig. 6(b) ).
The 4-layer model thus allows to predict fairly accurately the performance of complex multilayer structures, even when thickness-dependent interfacial effects occur.
W/SiC Multilayers
To pursue the validation and further development of our prescription generator code, a few W/SiC multilayers were designed and deposited. The samples included depth-graded designs generated with the analytical solution of the inverse problem (see Sec. 2.2), as well as numerically optimized aperiodic recipes (see Sec. 2.3) to obtain specific reflectivity responses, including flat top and sinusoidal profiles. W/SiC multilayers are expected to have sharper interfaces than W/Si, 5, 20 which would make simpler the development of aperiodic multilayers at 17.4 keV, as well as at higher photon energies. Our study on periodic calibration samples showed hints of intermixing occurring at the W-on-SiC interface. W/SiC multilayers were then simulated and optimized using a 3-layer model, composed of SiC, an interfacial layer and W. The interfacial layer was assumed to be made of a stoichiometric mix of W and SiC, with a density of 11 g/cm 3 . The thickness of this interlayer appeared to be constant (7Å).
With this knowledge, we developed a W/SiC design with sinusoidal shape for operation at 17.4 keV. This complex design would allow us to verify the accuracy that we can achieve with our approach, since it contains steep slopes and relatively high frequency features, that would be sensitive to any discrepancy between the model and the actual sample. The target for the numerical optimization, and corresponding optimized design are shown in Fig. 7(b) . Fig. 7(a) ). The red dotted line shows the target used during the numerical optimization, that led to the design, shown in black solid line.
In Fig. 7(a) are plotted the simulated and measured reflectivity at a photon energy of 8.048 keV. It shows that the measured reflectivity profile is very close to the design, though a small shift towards the higher angles is observed. A fit to the measured reflectivity is also shown in Fig. 7(a) : the obtained simulation, based on a three-layer model as described above, shows very good agreement with the measured reflectivity. This good agreement is present both in the first order (see the inset of Fig. 7(a) ) and in the higher orders where the high frequency structures are well described.
The extrapolated reflectivity at 17.4 keV (see Fig. 7(b) ) was calculated using the model obtained from the fitted reflectivity at 8.048 keV (see Fig. 7(a) ). The expected performance is very close to the target, both in terms of average reflectivity (15.3% extrapolated reflectivity, vs. 15.5% targeted average reflectivity) and the shape of the reflectivity profile. This good agreement shows that our model is well suited to simulate and develop W/SiC multilayers. Including it in the design procedure allows to accurately predict the performance of a truly complex multilayer design.
CONCLUSIONS
We have developed a generalized protocol to efficiently design aperiodic multilayers for the hard x-ray range. As a first step, the analytical solution of the inverse problem is calculated. Interfacial effects are then included in the model for better prediction of the performance, following results from an independent study of each material system. The recipe, built on a detailed model, is then further optimized to obtain the desired shape and to further increase reflectivity. This approach was tested using several material systems, including Mo/Si, W/Si and W/SiC. It has proven to be particularly critical for W/Si, which needs to be modeled and optimized using a 4-layer model with variable silicide thickness at the W-on-Si interface. This approach has also been shown to be particularly efficient in the design of W/SiC multilayers. We were able to predict very accurately the performance of W/SiC multilayers with very complex designs.
